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In this paper, we prove the results announced in [lS]. In the series 
Geometry of G/P I-V (cf. [ 16, 11, 8, 9, 133) a standard monomial theory 
was developed for semi-simple algebraic groups, the purpose of which was 
to generalize the classical Hodge-Young theory (cf. [4, 51) which gives a 
canonical basis for the homogeneous coordinate ring of a Schubert variety 
in the Grassmannian, to the case of a Schubert variety in the flag variety 
associated to a semi-simple algebraic group. One of the main results of 
standard monomial theory is the “First Basis Theorem” which we shall 
briefly describe below. 
Let G be a semi-simple, simply connected Chevalley group defined over a 
field k. Let T be a maximal k-split torus, B a Bore1 subgroup, Tc B and P 
a maximal parabolic subgroup, P 1 B, with associated fundamental weight 
o. Let W (resp. W,) be the Weyl group of G (resp. P) and ( , ) a W- 
invariant scalar product on Hom( T, G,). We say (cf. Definition 2.1) that o 
(or P) is of classical type, if 1 (w, LX* ) 1 ( = [2(w, CL)/(CI, cc)1 ) < 2 for every 
root CY. It can be seen easily (e.g., referring to the tables in [l]) that the 
group G is classical if and only if every maximal parabolic subgroup of G is 
of classical type. 
For w E W, let X(w) = BwP(mod P) with the canonical reduced structure, 
be the Schubert variety in G/P associated to w. Let [X(w)] denote the 
element of the Chow ring of G/P, determined by X(w). If H denotes the 
unique codimension one Schubert subvariety in G/P, then it can be shown 
(cf. [2]) that 
[x(W)]. [Cl =C diCX(wi)19 di > 0, 
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where. denotes multiplication in the Chow ring of G/P and X( wi) runs over 
all the Schubert varieties of codimension one in X(w). We call d, the (inter- 
section) multiplicity of X(w,) in [X(w)]. [H]. 
A pair (4, w) of Weyl group elements in W/W, (P being of classical 
type) is called an admissible pair (cf. Definition 2.5) if either 4 = w (in 
which case it is called a trivial admissible pair) or 4 #w and there exist 
{di>T l < i 6 s, 4; E Wj W, such that 
(i) d=41>#2> ... >ds=w, 
(ii) X(4;) is a Schubert divisor in X(q5- ,) with intersection multiplicity 
2 in [X(q5-,)].[H], 2<i6s. 
For a maximal parabolic subgroup P, let L denote the ample generator 
of Pic(G/P). Then the First Basis Theorem (cf. [9, 131) states that P being 
a maximal parabolic subgroup of classical type, p(G/P, 15) has a basis 
(~(2, p)} indexed by admissible pairs in W/Wp; in fact, If’(Gz/Pz, L,) 
has a basis (P(A, n)} indexed by admissible pairs in W/W, (and for any 
field k, ~(5 P) = PC& PL) 0 1). 
The main result of this paper is the construction of the basis (as given by 
First Basis Theorem) in a very explicit way for the case of classical groups. 
(If G = SL,,, then G/P is a Grassmann Variety and the above basis is just 
the basis consisting of Pliicker co-ordinates). 
Let G = Sp(2n). For 1~ i 6 n, let Pi be the maximal parabolic subgroup 
of G obtained by omitting the simple root cl;. Let V=k*“. For i= 1, 
@(G/PI, L,) z V” (the k-linear dual of V) and the basis given by First 
Basis Theorem is just the canonical basis in V’. For i> 1, 
ff’(GfPi, Li) = {P rimitive vectors in (/l;V)“} (see Sect. 6 for details). 
Let G=So(2n+ 1). For i<n, p(G/P,, L;)=(A’V)’ where V=k*“+’ 
and we shall see (cf. Sect. 6) that the basis given by First Basis Theorem is 
not the canonical basis in (AiV)“, 1~ i < n. For i = n, the basis for 
@(G/P,, L,) given by First Basis Theorem is just the basis consisting of 
the extremal weight vectors, i.e., the W-translates of a highest weight vector 
in @(G/P,, L,). 
Let G=So(2n). For l<i<n-2, @(G/Pi,Li)=(AiV)” where V=k*” 
and we shall see (cf. Sect. 6) that the basis given by First Basis Theorem is 
not the canonical basis in (/1’V)‘for 26i<n-2. For i=l, n-l, n, the 
basis for @‘(G/P,, Li) given by First Basis Theorem is just the basis 
consisting of extremal weight vectors in Z?(G/P,, Li). 
Here it should be remarked that even though the basis given by First 
Basis Theorem is not the canonical basis in the case @(G/P;, Li) = (AiV) ‘, 
G being the orthogonal group, it leads to important geometric consequen- 
ces (cf. [13, Theorem 9.6, Corollary 9.81 and also [12]). In fact using the 
basis for p(G/P, L) as given by First Basis Theorem, we obtain explicit 
results on singular loci of Schubert varieties (cf. [ 191). 
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In order to construct the basis (P(I, p)} of p(G,/P,, 15,) (as given by 
First Basis theorem) for the case of classical groups, we first construct the 
basis { Q(1, p)} for the dual space, dual to { P(A, cl)}, in an explicit way. To 
this end, we first get a condition (in terms of indices) for a pair of i-tuples 
1 = (b ,,..., bi), p = (a1 )...) a,), I, p E Wp, the set of minimal representatives of 
W/W(P) to be an admissible pair (cf. Propositions 4.C.3, 4.B.4, 4.D.4). We 
then use the result (cf. [13, Remark 3.81) that 
where a , ,..., a, are obtained by choosing some chain 
Iz=1,>1,> ... >Ar=/4 Ai=sq+l Ii+*? O<i<r-1 
(here Q(p) is the extremal weight vector of weight p(w) and X-, is the 
element of the Chevalley basis of Lie G corresponding to -a). Now writing 
down explicitly the Chevalley basis for classical groups, we compute 
Q(& p) (cf. Sect. 6) (note that for G = S/(n) every admissible pair (A, p) is 
trivial, i.e., Iz = p and Q(p, p) is the extremal weight vector of weight p(o)). 
As remarked above, using the results of this paper, we obtain the 
singular locus of a Schubert variety (in the case of classical groups) in a 
very explicit way which leads to further geometric consequences for 
Schubert varieties (in the case of classical groups). These results will appear 
in subquent papers (cf. [14, 6, 73). 
The sections are arranged as follows: 
In Section 1, we recall some generalities, and in Section 2, we recall the 
definitions of classical fundamental weights and admissible pairs. In Section 
3, G being symplectic or orthogonal, we bring out the relationship between 
the Bruhat orders in W(G) and W(H), where H is the special linear group 
containing G as a subgroup. Section 4, contains a criterion for a pair of d- 
tuples E W/Wp, where W= W(G)) to be an admissible pair (in terms of the 
integers in the d-tuples). In Section 5, we describe the Chevalley basis for 
Lie(G), in the case of classical groups, and in Section 6, we describe the 
basis elements [Q(& p)}. 
1. NOTATIONS AND PRELIMINARW 
Let G, be a semi-simple, simply connected Chevalley group scheme over 
the ring of integers Z (for many basic facts on Chevalley groups see [ 173). 
We fix a maximal torus subgroup scheme Tz and a Bore1 subgroup scheme 
B, containing T,. We talk of roots, weights, etc., with respect o T, and 
B,. The Weyl group scheme N( T&T, (N( T,) = normalizer of T,) is a 
constant group scheme and hence we talk of the Weyl group W of GZ. Let 
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Q, be a parabolic subgroup scheme of G, containing B, and W,, the 
Weyl group of Q,. For t E WJ W,, let X,(r) denote the Schubert sub- 
scheme associated to r, namely, the Zariski closure of B,s in GZ/Qz 
endowed with the canonical reduced structure. For any field k, the base 
change of X,(t) by Speck -+ Spec Z coincides with the Schubert variety 
Xk(z), the Zariski closure of B,z in Gk/Qk, endowed with the canonical 
reduced structure (cf. [13, Corollary 98(d)])(here, for any field k, we 
denote the objects obtained by the base change Speck --+ Spec Z with the 
suffix k). 
Recall that we have a canonical partial order in W/W, defined as 
follows: For r , , r2 in WI W,, we say that r, > t2 if X,(t,) 2 X,(r,)(this par- 
tial order in W/W, can also be defined in a combinatorial manner). Recall 
that dim X,(r) = 1(r), where I denotes the length function on W/Wp. 
Let P, be a maximal parabolic subgroup scheme of G, containing B,, 
with associated fundamental weight o. For r E W/W,, let us denote by 
[X,(r)] (k a field) the element of the Chow ring, Ch(GI, Pk) of G, B, deter- 
mined by X,(r). Let H, denote the unique codimension one Schubert 
subvariety of Gk/Pk. It can be shown that 
Cx,(~)l~ CHkl = ~d;CXd4i)l, di > 0. 
where. denotes multiplication in Ch(G,/P,) and the summation on the 
r.h.s. runs over the set of all Schubert subvarieties of X,(r) of codimension 
one. By a formula of Chevalley (cf. [2]), the di is expressed in the form 
di= I(r(o), ~$)l 
where cli is given by di = s,,t. 
DEFINITION 1.1. We call dj the multiplicity of X,(tii) in X,(r) and 
denote it by m(4i, r). 
2. CLASSICAL FUNDAMENTAL WEIGHTS AND ADMISSIBLE PAIRS 
DEFINITION 2.1 (cf. [9, 131). A fundamental weight w (or equivalently the 
associated maximal parabolic subgroup scheme P, or Pk) is said to be of 
classical type if 
I(o,a*)l(=2#)<2 foreveryrootcr. 
If o is of classical type, then by the formula of Chevalley (cf. Sect. l), it 
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follows that di< 2. It can be seen that conversely, if di < 2 for every 
t E W/W,, then P is of classical type. 
Remark 2.2. If G, is a classical group, then every maximal parabolic 
subgroup of Gk is of classical type and conversely it can easily be seen (e.g., 
referring to the Tables in [ 1)) that if every maximal parabolic subgroup of 
Gk is of classical type then Gk is classical (assuming Gk to be simple). 
DEFINITION 2.3. Let Xk(di) be a Schubert divisor in X,(r) (where 
di, r E W/W,) with multiplicity di (cf. Definition 1.1). If d, = 2, then we refer 
to Xk(di) as a double divisor in X(z). 
PROPOSITION 2.4 (cf. [9, 131). Let X,(4) be a double divisor in Xk(z), 
where z, I$ E Wf W,, Pk being a maximal parabolic subgroup of classical type. 
Then z = s,d for some simple root a. 
DEFINITION 2.5 (cf. [9. 131). Let r, 4~ W/W,, where P, is a parabolic 
subgroup of classical type. The pair (r, 4) is said to be an admissible pair if 
either 
(1) r = 4 (in which case it is called the trivial admissible pair) or 
(2) there exists a chain 
z=To>zl>T2> ‘.. >z,=& 
where X,(z,+ , ) is a Schubert divisor in X,(r,) occurring with multiplicity 2 
(i.e., X,(r,+ ,) is a double divisor in Xk(ti)), 0 < i < r - 1. 
Remark 2.6. Whenever (r, 4) is a nontrivial admissible pair, we refer to 
a chain as in (2) as a double chain or a double path. In fact, we have, (cf. [3, 
Proposition 4.21) if (r, 4) is a nontrivial admissible pair, then any chain (or 
path) from z to 4 is double. 
DEFINITION 2.7. Given w E W/W, and an admissible pair (r, 4) in 
W/W,, (r, 4) is said to be an admissible pair on X(w), if w > r. 
3. WEYL GROUPS OF CLASSICAL GROUPS AND THEIR BRUHAT ORDERS 
In this section, as well as the sections that follow, we fix our base field k 
and denote Gk, P,, B,, etc., by just G, P, B, etc. 
The set @ of minimal representatives for W/W,. Given a parabolic sub- 
group Q, the set WQ is given by 
M/9= {we w//(ws,)=f(w)+ l,aeSQ} 
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(here S, denotes the set of simple roots associated to Q). For WE WQ, the 
Schubert variety X(W) in G/B maps birationally onto its image under 
the canonical projection G/B +n G/Q. In particular, we have dim 
X(W) = dim n(X(w)). 
A. The Special Linear Group N(n) 
Let G = SL(n). It is well known that W= S, and for Q being the 
maximal parabolic subgroup P, given by 
P,=jA~sL(nMA=(~~-~~~ 1)) 
we have 
WPd={(i)=(i,,...,id)/l<i,<i2< ... <i,<n) 
Partial order in W(SL(n)). For w,=(a,...a,) and w2=(b1...6,,), 
wi, w2 E S,, it can be easily seen that 
(*) w2 ax, o for 1 < d<n - 1, the d-tuple {b, ,..., bd} arranged in 
ascending order is > the d- tuple {a1 ,..., ad } arranged in 
ascending order 
(here, for two d-tuples (xi ,..., xJ, (y ,,..., yd) where 1 <xi <x2< ... < 
xd<n and l<y,<y,< ... <yd<n, by (x ,,..., xd)>(y ,,..., rJ) we mean 
x, >Y,? 1 < t <d). Note that the condition (*) is equivalent to the 
condition that rcJX(wJ) 2 7cJX(w,), 1 <d< n - 1, red being the canonical 
projection G/B --) G/P,, 1 < d < n - 1. 
C. The Symplectic Group Sp(2n) 
Let V a 2n-dimensional k-vector space together with a nondegenerate 
skew-symmetric bilinear form ( , ). Let H = SL( V) and G = Sp( V) = 
{A E SL( V)/A leaves the form ( , ) invariant }. Taking the matrix of the form 
(with respect o the standard basis (e,,..., eZn) of V) to be 
E= where J= 
we may realize Sp( V) as the fixed point set of a certain involution (T on 
SL( V), namely G= H”, where cx H--f H is given by a(A) = E(‘A)-IE-‘. 
Thus 
G = Sp(2n) = (A E SL(2n)/‘A E A = E} 
= (A E SL(2n)/E-‘(‘A)-‘E= A} 
= {A E SL(2n)/E(‘A)-‘E-’ = A} (note E-’ = -E) 
= H”. 
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Denoting by T(H) (resp B(H)) the maximal torus in H consisting of 
diagonal matrices (resp. the Bore1 subgroup in H consisting of upper 
triangular matrices) we see easily that T(H), B(H) are stable under C. We 
set 
T(G) = (T(H))“; B(G) = (B(H))“. 
Then it follows that T(G) is a maximal torus in G and B(G) is a Bore1 sub- 
group in G. Further 
T(G)= 
Also, it can be seen easily that 
Lie G={AEM,,/E’AE-‘+A=O}. 
We note that the following hold (cf. [ll]): 
(I) Denoting N( T(H)) (resp. N( T(G))) the normalizer of T(H) in H 
(resp. T(G) in G), we have N( T(H)) is stable under cr and 
NT(G)) = (NT(W))“. 
(II) The canonical map 
WT(G))IT(G) + N(T(W)IT(W 
is an inclusion, i.e., the Weyl group W(G) of G can be identified canonically 
as a subgroup of the Weyl group W(H) of H. 
(III) The involution 0 induces an involution on W(H). If 
w=(a, . . . a,,) E VW, 
4w) = (Cl . . . 4, where ~~=2n+l-~~,,+,~i 
Further 
W(G) = ( WH))” 
481/108/Z-6 
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and hence 
Thus M:= (a, ...u~,~)E W(G) is known once (a, . ..a.,) is known. 
(IV) Denoting R(H) (resp. R+(H)) the set of roots of H with respect 
to T(H) (resp. the set of positive roots with respect to B(H)), we can 
identify (cf. [l]) R(H) with {si-sj, i#j, 1 <i,j<2n) and R+(H) with 
(E~-E~, 1 d icj<2n}, {ei>, 1 d id2n being the canonical basis of 
X( T2,,) = Hom( T2,,, G,) (where Tzn is the maximal torus in GL(2n) con- 
sisting of all the diagonal matrices). We see easily that o induces an 
involution on X(T,,), namely 
0(&i) = -7% + I i, 1 di62n. 
Further cr leaves R(H) and R + (H) stable and R(G) (resp. R+(G)) can be 
identified with R(H) (resp. R+(H)) modulo the action of 0 (for details, see 
[ll]). We have 
I 
Ei - El, 1 <i<j<n 
R+(G)= Ei+Ej, 1 <i<j<n 
2Eit 1 di6n. 
(V) The simple roots in R+(G) are given by 
(E~-E~+,. 1 di<n- 1, and 2Enl. 
Let us denote by {O,}, 1 d i < n the simple reflections in W(G), namely, 
f3i = reflection with respect o ~~ - Ed+ 1, l<i<n-1 
and 
8, = reflection with respect o 2~, . 
Then we have (cf. [l], p. 53) 
tli= 
i 
SiJ2” -- i, l<i<n-1 
S “7 i=n 
(here si denotes the transposition (i, i + 1 ), 1 < i < 2n - 1). 
(VI) For WE W(G), denoting by I(w, w(G)) the length of w in W(G), 
i.e., the length of a reduced decomposition of w with respect to the simple 
reflections {O,}, 1 QiSn in W(G), we have 
4~ W(G)) = t(Q W W(H)) + m(w)), 
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where m(w)= #{i/l<i<n, w(i) = a,> n}, w being the permutation 
w = (a, ..* a,,)(here, I(w, W(H)) denotes the length of w in W(H). Note 
that since W(G) c W(H) and w E W(G), we have w E W(H)). 
(VII) For w E W(H), we denote by C( w, H/B(H)) the Schubert cell 
in H/B(H) defined by w, i.e., the subset B(H) we,(,) in H/B(H) (here eBcH) 
denotes the point in H(B(H) corresponding to the coset B(H)). If 
w E W(G), we denote by C(w, G/B(G)) the Schubert cell in G/B(G) defined 
by w. If w E W(G), then C(w, H/B(H)) is stable under cr and we have 
C(w G/B(G)) = (C(w, WB(W))“. 
(VIII) For 1 < d < n, let P, be the maximal parabolic subgroup of G 
obtained by “omitting the simple root a;’ (note that 
i 
Ed-Ed+ 13 l<d<n-1 
cld= 2&,, d=n). 
Then it can be seen easily that ( W(G))Pd, the set of minimal representatives 
of W(G)/W(P,) can be identified with 
(1) 1 <a,<~,< ... <a,<2n 
. 
then 2n + 1 - i$ {a,,..., ad) i 
(IX) For w1 = (a,...~,,,), w2= (b,...b,,,), wi, W*E W(G), we have 
w2 2 w1 o the d-tuple {b , ,..., bd arranged in ascending order} >, the d-tuple 
iu 1 ,.*., ud arranged in ascending order} 1 < d < n (for a proof of this, one 
may refer to [15], Corollaries 5(A)-(D)). 
Note that in view of IX, we obtain that for wl, w2 E W(G) 
wid) 2 W(,d), l<d<n 
o for every i, 1~ i < 2n - 1, the i-tuple {b, ,..., bi arranged in ascending 
order} 2 the i-tuple {u i,..., a, arranged in ascending order} (here for 
w E W(G), wed) denotes the projection of w under W(G) + W(G)/ W( Pd)). 
But now, the latter condition is equivalent to w2 > w1 in W(H). Thus we 
obtain that the partial order on W(G) is induced by the partial order on 
W(H). In particular, for wl=(u,...a,), w,=(b,...bd), WI, w2E W(G)Pd, 
We have, W,> W,o(b,..‘bd)~(U,...u,). 
B. The Special Orthogonal Group So(2n + 1) 
Let V be a (2n + 1)-dimensional k-vector space together with a non- 
generate symmetric bilinear form ( , ). Taking the matrix of the form ( , ) 
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(with respect to the standard basis {e,,..., ez,?+, } of V) to be 
E= (y . . h)zn + , x 2,Z + i, we may realize G = So( I’) as the fixed point set of a 
certain involution (T on H = SL( I’) namely G = H” where a: H -+ H is given 
by o(A) = &‘A)-‘E. Thus 
G=So(2n+ l)= {&SL(2n+ i)/‘AEA=E} 
= {AESL(~~+ l)/E(‘A))‘E=A} (note E-’ = E) 
=H” 
Let T(G)=(T(H))“;B(G)=(B(H))“. 
Proceeding as in the case of the symplectic group, we note that the follow- 
ing hold: 
(I) Let N( T(G)) be the normalizer of T(G) in G. Then N( T(H)) is 
stable under r~ and 
NT(G)) = OV~(W)Y’. 
(II) The canonical map 
NT(G)MG) + NT(H))P(W 
is an inclusion, i.e., W(G) can be canonically identified as a subgroup of 
WH)( = &n + I 1. 
(III) The involution g induces an involution on W(H). If 
W=(a,‘..u,,+, )E W(H), then a(w)=(e,...e,,+,), where ei=2n+2- 
u,,+,-~. Further 
W(G) = (W(H))” 
and hence 
(1) UiC2n+2-a2,+2_j, l<i<2n+ 1 
W(G)= (a,.*.a2n+l)~S2n+l 
I I 
andi#n+l 
(2) %I+1 =n+l . i 
Thus ~=(a,... u~~+~)E W(G) is known, once (ai .*.a,,) is known. 
(IV) R+(G), the set of positive roots (with respect o B(G)) is given 
by 
I 
Ei - Ej, 1 <i<j<n 
R+(G)= Ei+Ej, l<i<j<n 
&i, 1 <i<n. 
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(V) The simple roots in R+(G) are given by (E~--E,.+~, 1 <i<n- 1 
and E,}. Let us denote by {O,}, 1 Q i 6 n the simple reflections in W(G), 
namely 
f3i = reflection with respect o E, - ci+ , , lQi<n-1 
13, = reflection with respect o E,. 
Then we have (cf. [l, p. 533) 
ei= SiS2n+l-i3 
i 
l<i<n-I 
s,s?z+ lS”? i=n 
(here si denotes the transposition (i, i+ l), 1~ i < 2n). 
(VI) For w E W(G), denoting by I(w, W(G)) the length of w in W(G), 
i.e., the length of a reduced decomposition of w with respect o the simple 
reflections { 0; }, 1 < i Q n, in W(G), we have 
4w, WG)) = $(l(w, WW) -m(w)), 
where m(w)= #{i/l <i<n, w(i) = ai> n}, w being the permutation 
w=(u,*.*u,,+,). 
(VII) For w E W(G), denoting by C(w, G/B(G)) the Schubert cell in 
G/B(G), defined by w, we have, C(w, H(B(H)) is stable under cr and 
C(w, G(B(G)) = (‘3~ WWH))“. 
(VIII) For 1~ d d n, let Pd be the maximal parabolic subgroup of G 
corresponding to the simple root ad. Then W(G)Pd, the set of minimal 
representatives of W(G)/W(P,) can be identified with 
(1) l<a,<a,< ... <a,<2n+l 
(2) a,#n+ 1, 1 di<d 
(3) For 1 Qd2n+ 1, ifjE {a,,..., ad>, then 
2n+2-j$ {a,,...,%> 
(IX) For w,=(u,~~~u,,+,), ~~=(b~...6~,,+,), wl, w2e W(G), we 
have w1 >/ w2 o the d-tuple (a, ,..., ud arranged in ascending order > is > the 
d-tuple (b, ,..., b, arranged in ascending order} (cf. [ 15, Corollaries 
5(Ak(D)). Thus as in the symplectic case the partial order on W(G) is 
induced by the partial order on W(H). 
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D. The Special Orthogonal Group So(2n) 
Let P’ be a 2n-dimensional k-vector space together with a nondegenerate 
symmetric bilinear form ( , ). Taking the matrix of the form ( , ) (with 
respect o the standard basis {e, ,..., e,,} of V) to be E = (y . . ’ A)2nx 2n, we 
may realize G= So( V) as the fixed point set of the involution o on 
H= SL( V) given by o(A) = E(‘A)-‘E. Thus 
G = So(2n) = {A E SL(2n)/‘A EA = E} 
= (A E SL(2n)/E(‘A)-‘E= A} 
= H”. 
(note EP1 = E) 
Let T(G) = (T(H))“; B(G) = (G(H))“. Then we have the following: 
(I) N( T(H)) is stable under o and 
NT(G)) = (NT(W))“. 
(II) The canonical map 
NT(G))IT(G) -+ NT(H))IT(H) 
is an inclusion, i.e., W(G) can be canonically identified as a subgroup of 
WW( = S,,). 
(III) The involution o induces an involution on W(H). If 
w= (a, . . . azn) E W(H), then 
a(w) = (Cl ... CZn), where ci=2n+ 1 -azn+,-,. 
Further it is easily seen that 
W(G) = { w E W( H)“/w is an even permutation in SZn } 
and hence we obtain 
w=(a,...a,,)~S~~ 
(1) a,=2n+ 1 -a2,r+1-,, 1 di<2n 
(2) m(w)( = # {i, 1 < i < n/a, > n) is even . 
Thus w = (a, ... aZn) E W(G) is known once (a, ..* a,) is known. 
(IV) R+(G), the set of positive roots (with respect o B(G)) is given 
by 
R+(G)= -;’ 
iI 
1 <i<j<n 
.I ’ 1 <i<j<n. 
(V) The simple roots in R + (G) are given by 
{si-aj+iv l<i<n-1, and a,,+,+~,,}. 
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Let us denote by (O,}, 1 < i < n, the simple reflections in W(G), namely 
0; = reflection with respect o .si - ci+ 1, l<i<n-1 
and 
13, = reflection with respect o E, _ 1 + E,. 
Then we have (cf. [l, p. 531) 
Oi= 
{ 
si S2n- ir ldi<n-1 
s”sn- Is,+ 1Sll~ i = n, 
where si denotes the transposition (i i + l), 1 < i < 2n - 1. 
(VI) For w E W(G), denoting by Z(w, W(G)) the length of w in W(G), 
i.e., the length of a reduced decomposition of w with respect o the simple 
reflections { Oi }, 1 < i < n, in W(G), we have 
4w W(G)) = $U(w, f+‘(W) - m(w)), 
where m(w) = # (i/l < i < n, w(i) = ai > n }, w being the permutation 
w = (a, . . . u2J. 
(VII) For w E W(G), denoting by C(w, G/B(G)) the Schubert cell in 
G/B(G), defined by w, we have, C(w, H/B(H)) is stable under a and 
C(w> GI4G)) = (C(w, WWW))” 
(VIII) For 1 d d< n, let Pd be the maximal subgroup of G 
corresponding to the simple root ad. Then W(G)‘4 the set of minimal 
representatives of W(G)/W(P,) can be identified with 
I I 
(1) l<a,<a,< ~9. <a,<2n 
(a, *. . ad) (2) For 1 <j < 2n, ifj E {a, ,..., ad}, then 
h+ l-j& {u,,,.., ud} I 
Remark 3.1. If d=n- 1, then for w = (a, . . * a,,), we have 
w=r(mod W,-,) where z=(u,~~~u,~,44~,) (note that r=wO, and 
8,~ W(P,- ,)). Hence the two (n - 1)-tuples (a, ,..., a,-,), (a, ,..., ~,-,a;) 
coincide (as elements of W(G)/W(P,)) and thus some of the elements in the 
set 
I I 
(1) l<u,<u,< ... <a,-,<2n 
(a, ... a,-,) (2) For 1 <j<2n, ifjc (al ,..., a,-,}, then 
2n+ 1 -j4 {a,,..., ~1,~ ,} 
may coincide, considered as elements in W(G)/ W( Pd). 
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(IX) For ~,=(a,...a,,,), w2=(6;..hz,), ul,,w,~W(G), we have 
W,>W,O 
(1) the d-tuple {a, ,..., ad arranged in ascending order} is > the 
d-tuple (6, ,..., h, arranged in ascending order} and 
(2) Let 
{C I ,..., cd} = { ur ,..., ad arranged in ascending order}, 
{e 1 ,..., e,l} = { 6, ,..., b, arranged in ascending order}. 
For 1 <j< 2n, let 
if j<n 
if j>n’ 
Suppose for some r, 1 <r<n and some i, O<i<d-r 
{lci+, I,..., Ic~+~I} = {le,+i I ,..., le,+,l> = {n+ 1 -r ,..., n} (insome order). 
Then #{j, i+ 1 <j<i+r/c,>n} and #{j, i+ 1 <j<i+r/e,>n} should 
both be odd or both even (cf. [15, Corollaries 5(Ak(D)). (Note that the 
partial order on W(G) is not induced from the partial order on W(H).) 
4. ADMISSIBLE PAIRS IN CLASSICAL GROUPS 
C. The Symplectic Group Sp(2n) 
We keep the same notations as in Section 3. Let G= Sp(2n) and let 
P= P, be the maximal parabolic subgroup of G corresponding to the sim- 
ple root OIL, 1 < d < n. In this section, we want to give an explicit descrip- 
tion of an admissible pair (r, 4) in terms of the representations of z, 4 as d- 
tuples. For d= 1, P is minuscule, i.e., I(o, cc*)1 d 1, for every root CI and 
hence every admissible pair is trivial, i.e., T = 4. Let us therefore assume 
d > 1. We now prove the following 
PROPOSITION 4.C.l. Let q5 = (a, . . . ad), T = (b, . . . bd) be a pair of elements 
in Wp. Then X(h) is a double divisor in X(r) if and only zf there exists an 
integer i, 1 < i < n such that i, (i+ i)’ E (a, ,..., ad} and z is obtained from q5 
by replacing i by (i + 1) and (i + 1)’ by i’, (here for any j, 1 <j< 2n, 
j’ = 2n + 1 -j). 
Proof We have (cf. [9, 133) that X(4) is a double divisor in X(r) if and 
only if r=s,d for some simple root c1 with (d(o), a*)= 2. Now 
o=el+ ... +ad (cf. [1]) and ~(w)=E,,+ ... +E,~. For a=2E,, 
((qo) 
I 
a*) = 2 (d(m), a) = 2 (6 + . .. + %f’ %J = o + 1 
(6 a) mm 28”) ’ - 
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and for ci=~~-~~+~ 
(&o) a*)=2(~(W)~a)=2(Eq+ "' +Ead~Ej-Ej+l)=O +1 +2 
(6 a) (&j-&j+,,&j-&j+*) ' - ' - . 
Hence (4(o), a*) = 2 if and only if a = si - .si+ 1 for some i, 14 i < n and i, 
(i+ 1)‘~ {a,,..., ad} (We observe that for any j, 1 <j < 2n, EJ = --cj; recall 
that the maximal torus T(G) consists of 
When q5 is of the above form, i.e., i, (i + 1)’ E {aI ,..., ad} for some 
i, l<i<n, we have s,qS=(b,...6,) where {bl,..., bd} is obtained from 
{a 1 ,..., ad} by replacing i, (i + 1)’ by (i + 1 ), i’, respectively. Now the 
proposition is immediate. 
PROPOSITION 4.C.2. Let 4 = (a, .. .ad)E Wp; let r, s, 1 <s<r<n be such 
that s, r’ E {a, ,..., ad} and for every t, s < t < r either t or t’ 
(=2n + 1 - t)E (a,,..., ad}. Let T = (b, *** bd) be the element of Wp obtained 
from (a, ... ad) by replacing s by r and r’ by s’. then (z, 4) is an admissible 
pair. 
Proof (by induction on r-s). If r - s = 1, then the result follows from 
Proposition 4.C. 1. Let then r - s > 1. By hypothesis, either (r - 1) or 
(r - 1)’ E {a,,..., ad}. We now distinguish the following two cases. 
Case 1. (r- 1)‘E {a ,,..., ad}. 
Let 1 be the element obtained from 4 by replaing s by r - 1 and (r - 1)’ by 
s’ (note that r - 1 > s). By induction hypothesis, we have, (A, 4) is an 
admissible pair and by Proposition 4.C.1, (t, A) is an admissible pair (note 
that z is obtained from A by replacing (r - 1) by r and r’ by (r - 1)‘). Hence 
(q 4) is an admissible pair. 
Case 2. (r - 1) E {a, ,..., ad}. 
Let A be the element obtained by replacing (r - 1) by r and r’ by (r - 1)’ 
in 4. Then by Proposition 4.C.1, (A, 4) is an admissible pair and by induc- 
tion hypothesis (q A) is an admissible pair (note that T is obtained from 1 
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by replacing s by (r - 1) and (r - 1)’ by 3’). Hence (5, 4) is an admissible 
pair. 
This completes the proof of Proposition 4.C.2. 
PROPOSITION 4.C.3. Let 4 = (a, . a,), T = (b, . . . bd) be a pair of 
elements in Wp such that z > I$. Then (z,4) is an admissible pair lfand only 
if the following hold: 
There exist x ,,..., xk, y ,,..., y, such that 
(1) x, <xz< ..’ <x,, 
(2) xl ,'.', xk, y;,-, yb E {u, >..., %}, 
(3) y,=least integer in {y ,,..., y,] >x,, 1 <rdk, 
(4) for eoery t, x, < t <y,, 1 < r d k, either t or t’ E {a, ,..., a,}, 
(5) the d-tuple representing z is obtainedfrom {a, ,..., ad} by replacing 
x, by y, andy: by xi, 1 <r<k. 
Proof That the conditions (l)-(5) imply (r, 4) is an admissible pair 
follows from Proposition 4.C.2. Hence it remains to prove that if (z, 4) is 
an admissible pair, then conditions (l)-(5) hold. We prove this by induc- 
tion on codimension of X(d) in X(r). If codimension of X(4) in X(r) is 1, 
then X(4) is a double divisor in X(t) and the result follows from 
Proposition 4.C.l. Let then codimension of X(d) in X(z) be > 1. Let us fix 
a double chain z = rO > z, > rz > .. > rr = 4. Let us denote r1 by 1. Now 
by induction hypothesis, we have A = (c, ... c,); further, there exist 
p ,,..., pm, q ,,..., qm such that conditions (lt(5) in the proposition hold for 
the pair {p, ,..., p,}, {q, ,..., qm }. In particular, we have, p ,,..., p,, 
q; ,‘.., 4; E (a1 ,..., ad} and the d-tuple representing A is obtained from 
{a 1 ,..., ad} by replacing pr by qr and q: by pi, 1 6 r d m. Now X(A) being a 
double divisor in X(z) we have (by Proposition 4.C.l) that there exists an 
integer i, 1 d i < n such that i, (i + 1)’ E the d-tuple representing 1 and such 
that the d-tuple representing z is obtained from 3, by replacing i by i+ 1 
and (i + 1)’ by i’. We now distinguish the following two cases. 
Case 1. i+! {q ,,..., qm}. 
This implies that iE {a,,..., ad}. We divide this case into the following two 
subcases. 
Case l(a). (i+ 1)E {p ,,..., p,}. 
We take 
and 
x1 ,..., xk is obtained from { pI ,..., pm ) by replacing i + 1 by i (in 
particular k = m). 
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Case 1 (b). i+ l$ {pi ,..., pm}. 
This implies (i + 1)’ E {a, ,..., ad}. We take 
{Xi,..., Xk} = (p, ,.‘.? L.., P, > 
{Ye,..., yk} = {ql,..., i + A..., qm), 
i.e., {x ,,..., xk} (resp. {yl~-~~ y, }) is obtained by inserting i in {pi,..., p, } 
(resp. (i+ 1) in {ql,..., q,,, } ). Further if xj = i, then yj = (i + 1) (obviously). 
Case 2. i E {q, ,..., qm }, say qj = i. 
This implies i’ E {a, ,..., ad}. We divide this case into the following two sub- 
cases. 
Cuse2(a). (i+l)E{pl,...,pm}; sayp,=i+l. 
Now conditions (l)-(5) of the proposition hold for the pair { p1 ,..., p,} 
and {ql,..., qm} (by induction hypothesis). Hence condition (3) implies that 
j < S. Then {xi ,..., xk } and { y, ,..., yk > are given as follows: 
b , ,...> xk} = (PI ,-,., fi,,-, pm } 
and 
( y, ,..., yk} is the (m - 1)-tuple obtained from {q, ,..., qm} by 
deleting qj ( = i) and keeping qs 
at the jth position. It is easily seen that conditions (1 ), (2), (4), and (5) 
hold. Now we verify condition (3). 
Verification of Condition (3) 
For s 6 1 d k, it is clear that y, (=q,+ i) is the least integer in 
{y, ,..., y,} > x, (=p,+ i). For j< I< S, again, yr is the least integer in 
{ y, ,..., y, } > x,; this is because, the facts that qj = i and p, < i, I < s imply 
that q, < i, j < I < S, and q, > i + 1 and hence the least integer in 
For Z=j, we claim that yj ( =qs) is the least integer in 
{ y, ,..., yj } > xj; for, each q,, 1 <j is such that either q, <pi ( = xj) or q, >pj, 
in which case, q, > qj ( = i) (since q, = least in {ql ,..., qr} >p,). Now the fact 
that qs = least in (q, ,..., q,} z-p, implies that q, < qr, for all q, belonging to 
{ql,..., qs} and greater than i+ 1. Thus we obtain that q, (= yj) is the least 
integer in { y, ,..., yj} (= {q, ,..., qjP i, qs}) > xI. Finally for 1 <I< j, 
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ix ,,..., x,} = (p ,,..., p,} and {y ,,..., y,} = {ql ,..., q,} and hence y,=least 
integer in { y, ,..., y,} > x,. This completes the proof in Case 2 (a). 
Case2 (b). (i+ l)$ {p ,,..., pm>. 
This implies that (i + 1)’ E 4. We take 
{x1 >..., 4 = (PI 5...? Pm 1 
and 
{ y , ,..,, y, } is obtained from {q i ,..., qm } by replacing i by (i + 1). 
This completes the proof of Proposition 4.C.3. 
B. The Special Orthogonal Group SO(2n -I- 1) 
Let G=So(2n+l) and P=P,, the maximal parabolic subgroup 
corresponding to the simple root Q. For d = n, P is minuscule and hence 
every admissible pair is trivial. Let us therefore assume d < n. For 
l<j<2n+ 1, letj’=2n+2-j (note thatj’=j, ifj=n+l). 
PROPOSITION 4.B.l. Let b=(a,...a,), z=(b,...b,) be a pair of 
elements in Wp. Then X(d) is a double divisor in X(t) if and only if either 
(I) n E {a,,..., ad} and t is obtained from 4 by replacing n by n’ 
(=n+2) or 
(II) there exists an integer i, 1 < i< n such that i, (i+ 1)’ E {ui ,..., ad} 
and z is obtained from 4 by replacing i by (i + 1) and (i + 1)’ by i’. 
Proof We have (cf. [9, 131) X(d) . IS a double divisor in X(r) if and 
only if r =s,d for some simple root u with (d(o), cc*)= 2. Now 
co=&,+ ... +E~ (cf. [l]) and d(a)=&,,+ ... +E,~. For c~=E,, 
and for a=~~-&~+,, 
(I C(,)=~(d(W)9Co=2(E~~+ ". +Ea,+,Ej-Ej+I)=~ +1 +2 
7 
(6 ~1 (&j-&j+I,&j-&j+[) ' - ' - 
Hence, (#(IX), a*) = 2 if and only if either 
or 
u=&i-&i+, forsomei, l<i<nandi,(i+l)‘~{ar ,..., ad}. 
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In the former case T = s,# is obtained from q5 by replacing n by n’ and in 
the latter case, z = S, 4 is obtained from 4 by replacing i by (i + 1) and 
(i + 1)’ by i’. Now the proposition is immediate. 
PROPOSITION 4.B.2. Let I$ = (a, . . . ud) E Wp; let r, s, 1 <s < r < n be such 
that s, r’ E {a 1 ,..., ad} andfor every t, s < t < r, either t or t’ E {a, ,..., ad}. Let 
~=(b, . . . bd) be the element of Wp obtained from (a, ,..., ad) by replacing s 
by r and r’ by s’. Then (5, 4) is an admissible pair. 
Proof The proof is similar to that of Proposition 4.C.2. 
PROPOSITION 4.B.3. Let 4 = (a, **. ud) E Wp. Let r, 1 d r < n be an 
integer such that r E {a, ,..., ad} and for every t, r< t <n, either t or 
t’fz {a,,..., ad}. Let t be the element obtained from 4 by replacing r by r’. 
Then (q 4) is an admissible pair. 
Proof (by decreasing induction on r). When r = n, the result follows 
from Proposition 4.B.l. Now let r < n. By hypothesis, either (r + 1) or 
(r+l)‘e{a I ,..., ad}. We distinguish the following two cases. 
Case 1. (r+ 1)‘E {u ,,..., ad). 
Let 1 be the element obtained from (b by replacing r by r + 1 and (r + 1)’ by 
r’ (note that X(d) is a double divisor in X(1) (cf. Proposition 4.B.l); in par- 
ticular, (A, $) is an admissible pair). Also, we observe that z is obtained 
from il by replacing (r + 1) by (r + 1)‘. Hence by induction hypothesis (r, 1) 
is an admissible pair. Thus we obtain that (7, 4) is an admissible pair. 
Cuse2. (r+ 1)E {al ,..., ad}. 
Let I be the element obtained from 4 by replacing (r + 1) by (r + 1)‘. 
Hence, by induction hypothesis, (1, 4) is an admissible pair. Also, we note 
that r is obtained from 1 by replacing r by (r + 1) and (r + 1)’ by r’. Hence 
in view of Proposition 4.B.l. (T, A) is an admissible pair. Thus we obtain 
that (r, 4) is an admissible pair. This completes the proof of 
Proposition 4.B.3. 
PROPOSITION 4.B.4. Let C$ = (a, . .. ad), z = (b, . bd) be a pair of 
elements in Wp such that z 2 4. Then (5, q5) is an admissible pair tf and only 
if the following hold: 
There exist { c1 ,..., c,}, {d, ,..., d,} s 3 k such that 
(1) c, cc,< ‘-3 <c,Y,d,< “+ cd,, 
(2) Cl ,..., c,, 4 ,"., 4 E {Q,,..., a,>, 
(3) we can write (c ,,..., c,} = {x1 ,..., xk} u {z ,,..., z,}, {d, ,..., d,} = 
{y,,..., yk} such that the following holds: 
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If c,>dk, then c,=z,. 
If c, d d,, then 
y, = least integer in {d, ,..., d, ) > c,,, etc. 
(in particular, we have, x, < ‘.. < xk; z, > zZ > > z,, and x, < yI, 
1 <lbk). 
(4) Notations as in (3), we have, 
(a) for every t, x, < t < y,, 1 < I< k, either t or t’ E {a, ,..., a,) 
(b) for every t, z, < t < n, either t or t’ E (a, ,..., aJ } 
(5) The d-tuple representing T is obtainedfrom {a, ,..., a,,} by replacing 
x,byy,,y;byx;, l<I<kandz,byz:, ldr6m. 
ProoJ: That the conditions (l)-(5) imply (r, 4) is an admissible pair 
follows from Propositions 4.B.2. and 4.B.3. Hence it remains to show that if 
(T, 4) is an admissible pair, then conditions (l)-(5) hold. We prove this by 
induction on codimension of A’(#) in X(z). If the codimension of X(4) in 
X(T) is 1, then X(d) is a double divisor in X(r) and the result follows from 
Proposition 4.B.l. Let then codimension of X(d) in X(r) be > 1. Let us fix 
a double chain 
t=t”>T, > ... >TF=& 
Let us denote r, by 1. Now by induction hypothesis, we have A = (cl *. . c,); 
further, there exist p, ,..., p,; q, ,..., q,; r, ,..., r, such that 
pi<q,, l<j<t;r,> ... >rI, pI ,..., ply ql ,..., si, r1 ,..., r/E (0, ,..., ad) 
and 
I. is obtained from 4 by replacing pi by qi, qi by pi, 
1 <jQt and ri by ri, 1 <j<l. 
Now X(A) being a double divisor in X(z), we have (by Proposition 4.8.1) 
that either 
there exists an integer i, 1 < id n such that i, (i + 1)’ E the 
d-tuple representing I and r is obtained from 1 by replac- 
ing i by (i + 1) and (i + 1)’ by i’. 
or 
n E the d-tuple representing 1 and T is obtained from A by replac- 
ing n by n’. 
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Now we divide the proof into the following cases. 
(A) Let 2=s*r where c~=E+--E~+~ 
Case 1. i+! {q ,,..., q,} 
This implies i E {a, ,..., ad}. We divide this case into the following three 
subcases. 
Case 1 (a). (i+ 1)E {p, ,..., Pr >. 
We take 
{Z 1 ,..., z,> = { rl,..., r/ >3 
{Yb..., Yk > = {41 T...Y 4rl, 
and 
{X , ,...? xk } is obtained from {p, ,..., pI } by replacing i + 1 by i. 
Case 1 (b). (i+ 1)~ (rl ,..., r,] 
We take 
I ,..., xk} = {PI T.-.Y p,}, 
and 
{Z 1 ,..., z, } is obtained from (rl ,..., r, } by replacing (i + 1) by i. 
Case 1 (c). (i+ l)# {P,,...,P,, TIT..., r/j 
We take 
{z, ,... , z,} = {rl,..., r/> 
and 
{X 
1 ,-.., xk }Y { y, T...> Yk > are obtained by inserting i and 
(i+ 1) in {p ,,..., pl}, (ql ,..., qt} respectively (note that if 
xj = i, then yj = i + 1). 
Case 2. i E { q1 ,..., q1 }, say qj = i. 
This implies i’ E {a, ,..., ad}. We divide this case into the following three 
subcases. 
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Case2(a). (i+l)~{p ,,..., p,}, sayp,=i+l (note that e>j). We take 
i=,,-, -,??} = {r ,,..., Y/}, 
{*XI ,..., -yk } = { p, ,..., DC, ,..., p, ), 
and 
{ y , ,..., yk } is the (t - 1 )-tuple obtained from {q, ,..., q, ) by 
deleting qi ( = i) and keeping qe at the jth position. 
As in Case 2(a) of Proposition 4.C.3, one checks that conditions (l)-(5) of 
Proposition 4.B.4 hold. 
Case2(b). (i+ 1)~ (r ,,..., r,}, say r,,=i+ 1 
We take 
{x, ,..., xk } = {p, ,..., dj,-, Pr ), 
{ Yl )...T Yk } = { 41 ?...v qj,...l 4, }> 
and 
{z, ,..., z, } is obtained from {r, ,..., r, } by replacing r. ( = i + 1) by pi. 
Note that z, = pj, because, for 1 < b < a, obviously zb = rb (since rh > i + 1) 
and for a < b 6 1, rh <pi (since rb >pj would contradict the definition of qj 
(note that r6 < i)). 
Case 2(c). (i+ l)$ {pl ,..., p,, rI ,..., r,}. 
This implies (i + 1)’ E {a, ,..., a, ). We take 
{Z I,..., z, > = (rl ,..., rl } 
lx I >...T xk } = {PI ,..., p, } 
and 
{ y, ,..., yk} is obtained from {q, ,..., q,} by replacing i by (i + 1). 
(B) A=s,r, with LX=&, (note that n# {pl ,..., p,, rl ,..., r,}). 
Case 1. n4 {q,,..., s,} 
This implies n E (a,,..., ad}. We take 
Ix1~...~xk~= (Pl,...,PJ, 
{ Y 1 >...> Ykl = {4,Y..~ 4,)3 
iz I >..., z,) = {n, rl ,..., r,}. 
Case2. nE {q ,,..., qr}, say qs=n 
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This implies n’ E {a, ,..., ad}. We take 
{%.-., Xk) = {PI,...4L..>P,)~ 
(Yb...,Yk) = (qw, 4,,...? s,), 
(21 ,.-., z,} = (A., rl ,.*.1 r,) 
(note that qe = n implies p, > ri, since for any a, 1 < a < t, either r, < p, or 
ri > ql). This completes the proof of Proposition 4.B.4. 
D. The Special Orthogonal Group So(2n) 
Let G=So(2n) and P=Pd, the maximal parabolic subgroup 
corresponding to the simple root q,. For d = 1, n - 1, n, P is minuscule and 
hence every admissible pair in Wp is trivial. Hence let us assume 
1 <d<n- 1. For 1 <j<2n, letj’=2n+ 1 -j. 
PROPOSITION 4.D. 1. Let 4 = (a, . . . a,), z = (b 1 . . . bd) be a pair of 
elements in Wp. Then X(d) is a double divisor in X(T) if and only if either 
(I) n - 1, n E {a, ,..., a,} and z is obtainedfrom 4 by replacing n - 1 by 
n’ and n by (n - 1)’ or 
(II) there exists an integer i, 1 < i < n such that i, (i + 1)’ E {a, ,..., ad} 
and T is obtained from p by replacing i by (i + 1) and (i + 1 f’ by i’. 
Proof: We have (cf. [9, 131) that (r, 4) is an admissible pair if and only 
if z = s,q5 for some simple root a with (d(o), a*) = 2. Now o = sr + ..* + .sd 
(cf. [1]) and &w)=E,,+ ... +sUd. For CY=E,~+~+E,, 
and for CI=E)-E,+, 
Hence (&CO), a*) = 2 if and only if either 
a=E,_,+en and n - 1, n E (a, ,..., ad} 
or 
C1=E,-EEi+l for some i, 1 di<n and i, (i + I )’ E (aI ,..., adI. 
In the former case, r = s,d is obtained from q5 by replacing n - 1 by n’ and 
n by (n - l)‘, and in the latter case, T = S,Q~ is obtained from 4 by replacing 
i by (i + 1) and (i + 1)’ by i’. Now the proposition is immediate. 
481/108/2-7 
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PROPOSITION 4.D.2. Let 4 = (a, ...ud) E Wp; let Y, s, I ds< r <n be 
such that s, r’ E (a, ,..., ad 1 and ,for every t, s < t < r, either t or 
t’ E {a, ,..., ad}. Let t=(b, .. bd) be the element of Wp obtained from 
(0, . . . ad) by replacing s by r and r’ by s’. Then (7, 4) is an admissible pair. 
Proof: The proof is similar to that of Proposition 4.C.2. 
PROPOSITION 4.D.3. Let q5 = (a, ,..., ad) E Wp. Let r, s, 1 < s < r G n be 
such that s, r E {a, ,..., ad } andfor every t, s < t 6 n, either t or t’ E (a, ,..., ad}. 
Let z be the element obtainedfrom 4 by replacing s b>l r’ and r by s’. Then 
(5, 4) is an admissible pair. 
Proof (by decreasing induction on r). Let r = n. If s = n - 1 the result 
follows from Proposition 4.0.1. Let then s < n - 1. By hypothesis, we have, 
either n- 1 or (n- 1)‘~ (al ,..., ad}. If (n- 1)~ {aI ,..., a,}, we consider the 
element A obtained from q5 by replacing n - 1 by n’ and n by (n - 1)‘. Then 
X(q5) is a double divisor in X(/1) (cf. Proposition 4.D.l); in particular, (A, 4) 
is an admissible pair. Also, we note that, in this case, r is obtained from J 
by replacing s by (n - 1) and (n - 1)’ by s’. Hence (by Proposition 4.D.2) 
we have that (7, 2) is an admissible pair (note that by hypothesis, we have, 
for every t, s < t < n - 1, either t or t’ E the d-tuple representing 1). Thus we 
obtain (z, 4) is an admissible pair. If (n - 1)’ E {a, ,..., ad}, then we consider 
the element 1 obtained from 4 by replacing s by n - 1 and (n - 1)’ by s’. 
Then, in view of Proposition 4.D.2, we obtain that (A, 4) is an admissible 
pair. Further, we note that z is obtained from 1 by replacing N - 1 by n’ 
and n by (n - 1)‘. Hence, by Proposition 4.D.1, (7, A) is an admissible pair. 
Therefore we obtain that (7, 4) is an admissible pair. This completes the 
proof of the proposition for the case r = n (the starting point of induction). 
Let us therefore assume r <n. By hypothesis, either r + 1 or 
(r + 1 )’ E {u, ,..., a,,}. We now distinguish the following two cases. 
Case 1. r+ 1 E {a ,,..., ad}. . 
Let 1 be the element obtained from 4 by replacing s by (r + 1)’ and (r + 1) 
by s’. By induction hypothesis, (1, 0) is an admissible pair. Also, we note 
that 7 is obtained from 2 by replacing r by (Y + 1) and (r + 1)’ by s’. Hence, 
by Proposition 4.D.1, (7, 2) is an admissible pair. We, therefore, obtain that 
(7, 4) is an admissible pair. 
Case2. (r+ 1)‘E {a ,,..., ad} 
Let II be the element obtained from q5 by replacing r by (r + 1) and (r + 1)’ 
by r’. Hence, by Proposition 4.D.1, (A, 4) is an admissible pair. Also, we 
note that z is obtained from A by replacing s by (r + 1)’ and (r + 1) by s’. 
Hence, by induction hypothesis, (T, 2) is an admissible pair. Therefore, we 
obtain that (r,q5) is an admissible pair. This completes the proof of 
Proposition 4.D.3. 
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PROPOSITION 4.D.4. Let 4 = (a, + . . ad), z = (6, . . . bd) be a pair of 
elements in Wp such that z 2 r$. Then (~,d) is an admissible pair if and only 
if the following hold: 
There exist {c, ,..., c,), {d, ,..., d,) with s= k+ 2m (for some positive 
integer m) such that 
(1) c,<c2< ... <c,;d,< ... <dk, 
(2) c, ,..., c,, d; ,..., d; E (a ,,..., ad}, 
(3) we can write (cl ,..., c,} = (x, ,..., xk} u {zI ,..., zZm} and 
V , ,.**, 41 = {Y,,-., Y, } such that the following holds. 
lf c, > dk then c, = z, . 
Zf c, $ dk then 
Xk = c, 
y, = least integer in {d, ,..., d,} > c,, etc. 
(in particular, we have x, < .‘. <xk;x,<y,, 1 <l<k, z,>z,> ‘*. >zZm). 
(4) Notations as in (3), we have 
(a) for every t, x,<t<y,, l<l<k, either t or t’E{a, ,..., a,}, 
(b) for every t, z2,,, < t 6 n, either t or t’ E {a, ,..., ad). 
(5) The d-tuple representing T is obtainedfrom {a,,..., ad) by replacing 
xi by yr, y; by xi, 1 d 1 <k and z2, by .zij-, and zzjp, by .zt, 1 <j < m. 
Proof That the conditions (1 t(5) imply (r, 4) is an admissible pair 
follows from Propositions 4.D.2 and 4.D.3. Hence it remains to show that if 
(r, 4) is an admissible pair, then conditions (l)-(5) hold. We prove this by 
induction on codimension of X(d) in X(r). If the codimension of X(4) in 
X(r) is 1, then A’(d) is a double divisor in X(z) and the result follows from 
Proposition 4.D. 1. Let then codimension of X(4) in X(r) be > 1. Let us fix 
a double chain 
z=z,>z,> .*. >z,=qk 
Let us denote r1 by A. Now by induction hypothesis, we have A = (cr ,..., cd); 
further there exist p, ,..., P,; q, ,..., ql; r, ,..., r2t such that 
pj<qj, lGjdt;r,> ... >r2t, p1 ,..., p,,q; ,..., q;,r, ,..., r2tE{a, ,..., ad} 
and I is obtained from 4 by replacing 
pj by qj, 4; by pj, 1 <j< t; r2j by r& r and r2j- r by r;,, 1 <j< 1. 
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Now X(j>) being a double divisor in X(t), we have (by Proposition 4.D.l) 
that either 
there exists an integer i, 1 d i < n such that i, (i + 1)’ E the 
d-tuple representing i and z is obtained from I. by replac- 
ing i by (i+ 1) and (i+ 1)’ by i’. 
or 
n - 1, n E the d-tuple representing L and 7 is obtained from 
;1 by replacing n - 1 by n’ and n by (n - 1)‘. 
Now we divide the proof into the following cases. 
A. Let ;1=s,7, where c~=E~-E~+, 
Case 1. i$! {q ,,“‘, 40. 
This implies that in {a, ,..., ad}. We divide this case into the following 
three subcases. 
Case l(a). (i+ 1)E {pt ,..., PI}. 
We take 
and 
{Z,,..., Zh} = {r,,..., b,}, 
{Y1Y~Yk~ = h...? 403 
ix , ,..., xk ) is obtained from ( pr ,..., p, } by replacing (i + 1) by i. 
Case l(b). (i+ 1)~ {r ,,..., r2,}. 
We take 
and 
{Z r,..., zZm} is obtained from {r , ,..., r2,} by replacing i+ 1 by i. 
Gm 1 (cl. (i+ 1)# {Pl,...,P,, r1,..., rzl>. 
We take 
(z, -.., ZZm} = {r, ,... > rz,} 
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and 
tx 1 Y..., x/J, {Y, ,..., yk} are obtained by inserting i and 
(i+ 1) in {PI,...,p,}, (q,,..., q,), respectively (note that if 
xi=& then yj=i+ 1). 
Case 2. ic (q ,,..., q,), say qj = i. This implies i’ E (a, ,..., ad). We divide 
this case into the following three subcases. 
Case 2(a). (i + 1) E (pr ,..., pI >, say p, = i + 1 (note that e >j). Then we 
take 
{Z 1 ,.*., h?} = {r, ,..., b,)9 
IX 1 ,..-, x/J = {PI,..., ~,Y.~ IA>? 
and 
{ y , ,..., yk } is the (t - 1 )-tuple obtained from { q1 ,..., q, > by 
deleting qj (=i) and keeping q, at the jth position. As in 
Case 2 (a) of Proposition 4.C.3, one checks that con- 
ditions (l)-(5) of Proposition 4.D.4 hold. 
Case 2(b). (i+ 1)~ {r ,,..., TV,), say r,=i+ 1. 
We take 
IX 1 ,...9 xk} = {PI ~...9 Bj,..., Pt )9 
{ Yl ,...3 Yk} = (41 9...3 Gj,...> 4r)T 
and 
iz , ,..., zzm) is obtained from (or ,..., rz,} by replacing r,( = i + 1) by p,. 
As in Case 2(b), (A), of Proposition 4.B.4, one notes that z,=qi. 
Case 2(c). (i+ 114 (p, ,... ,p,, rl,..., r2,). 
This implies (i + 1)’ E (a, ,..., ad}. 
We take 
{Z , ,..., Zh) = {b..? yz,>, 
{Xlr-..r Xkf = (P,,...d.4~ 
and 
{ y , ,..., yk } is obtained from (ql ,..., q,} by replacing i by (i + 1). 
(B) I=s,r, with u=E,- 1 +E, 
382 V. LAKSHMIBAI 
This implies, n - 1, n E the d-tuple representing 2 (hence, n - 1, 
fl4 (r,,-, r2,)” {PlY>PJ). w e now distinguish the following four cases. 
Case 1. nE {q,, . . . . q,], n- 1 $ {q,,..., qt}. 
This implies n - 1, n’ E {a, ,..., ad}. Let q/- = n. We take 
IX 1 ,..., xk} = (PI ,...> dj,-v PI}, 
(yl )...> yk) = (41 )...) iji,..., St}, 
(Zl>‘.., Z2m > = {n - 1, Pj, f-1 ,..., T2,) 
(note that pi> rr, since for any a, 1 <a< t, either r, <p, or r, >q,). 
Case2 (n- l)E {q,,..., qr), n4 {ql,..., s,}. 
This implies n, (n - 1)’ E {a, ,..., ad). Let qj = n - 1. We take 
{x1 3...> x/c} = {PI 9...3 fijj,...t Pt}, 
(Jl 5...9 Yk} = { 41 9.*.9 qji,..., 409 
lz 12--* Z*m} = { 6 Pj, rl v...T r21) 
(as in Case 1, we note that pi > r,). 
Case 3. n- 1, nE {q ,,..., 4,). 
This implies n’, (n - 1)’ E {a, ,..., ad}. Let qj = n - 1 and qc = n (note that 
j> c). We take 
ix I Y..,) xk} = {PI T..*> PC,..., Pi,..., Pt}, 
{ yl T...? yk} = { 41 ?...t @CT..., $j,...? q,}? 
{Z I,*..? Z2m} = {Pj, Pc, rl,..., r*,> 
(note that pc > r, for the same reasons as in Case 1). 
Case 4. n- 1, n# {q ,,..., 4,). 
This implies n - 1, n E {a, ,..., a.,,}. We take 
and 
Ix, t..., xk} = {p, ,..., pr }, 
{~l~‘-~~k) = (qlv-, qr)v 
{Z 1 ,..., ZZm} = {n, n - 1, f.1 ,..., r2,> 
This completes the proof of Proposition 4.D.4. 
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5. CHEVALLEY BASIS 
With notations as in Section 3, we have 
G = Sp(2n) = (A E SL(2n)/E(‘A)-‘E-’ = A}, 
where (recall) E = ( JJ {), J = (7 . . ’ A),, X n. Now the involution 
0: SL(2n) -+ SL(2n), A H E(‘A)-‘E-l, induces an involution 
0: sl(2n) + s42n) 
AH -E’AE-’ ( = E ‘A E, since Ep I = -E). 
In particular, we have, for 1 < i, j < 2n 
-Eli 
Wi,)= E,, 
i 
if i,j are both < n or both > n’ 
J’l’ if one of (i, j> is < n and the other > n, 
where E, is the elementary matrix with 1 at (i,j)th place and 0 elsewhere; 
and i’ = 2n + 1 - i, j’ = 2n + 1 -j. Further 
Lie G=(AEs~(~~)/E’AE=A}. 
Now recall (cf. Sect. 3) that the positive roots of G are given by 
Ei - Ej, Ei + Ej, 1 <;i<j<n, and 2q, 1 <iSn 
and the simple roots are given by 
&ipEi+l, l<i<n-1, and ZE,. 
From this, it can be easily seen that the Chevalley basis {H,, a simple, 
X,,, B, a positive root} for Lie G may be given as follows: 
H s,-s,+l=Eii-Ei+*,i+1 +E(i+ l)..(i+l)‘-Ei,F, 
H2En = Em - E,w , 
XEIse,= E,- E/<, 
X e,+e,=Er +Ej<, 
X2, = Eii, 3 
X- (c, - cj) = Eji - E,. 3 
X- (E, + c,) = EJ; + Eiy, 
X-zc,= Ei,i 
(here, for any I, 1<1<2n,I’=2nfl-I). 
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The Special Orthogonal Group So(2n + 1) 
Let G=So(2n+ l)= {.4~SL(2n+ l)/E(‘A) ‘E=A} where (recall) 
E=( 7. ’ A). As in the symplectic case the involution c: SL(2n + 1) + 
SL(2n + 1 ), A H E(‘A ) ~ ‘E, induces an involution 
0: d(2n + 1) -+ s42n + I), 
AH -E’A E. 
In particular, we have, for 1 6 i, j< 2n + 1 
o(E,) = -Efi,, 
where i’=2n+2- 1, j’=2n+2-j. 
Further 
LieG={A~.s1(2n+l)/E’AE+A=Oj. 
Now recall (cf. Sect. 3) that the positive roots of G are given by 
Ei-Ej, &;+Ei’ 1 <i<j<n, and Ed, 1 <i<n 
and the simple roots are given by 
Ei--&;+I, l<i<n--1, and E,. 
From this, it can be easily seen that the Chevalley basis {H,, c1 simple, 
X,,, /?, a positive root > for Lie G may be given as follows: 
H El-E,+i=Ei;-Ei+,,i+l+E~,+I),,(i+L)’-Er~, 
HEn = 2(-%,, - J%,,~), 
X,, _ E, = E, - E,., , 
x 6, +- 6, = E,f - Ejis > 
Xs,=Ein+~-En+w, 
XP(~,P~,)=Eji-E~~~ 
X-(e,+E,)=Efi-Ecj, 
The Special Orthogonal Group So(2n) 
Let G = So(2n) = (A E SL(2n)/E(‘A)-‘E= A} where (recall) E = (7.. ’ A). 
Now, the involution (r: SL(2n) + SL(2n) A I-+ E(‘A)-‘E, induces an 
involution 
0: d(2n -+ s1(2n), 
A H -E ‘A E. 
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In particular, we have, for 1 < i, j Q 2n, 
a(EJ = -Ejy, 
where i’ = 2n + 1 - i, j’ = 2n + 1 -j. 
Further 
LieG=(AEsZ(2n)/E ‘AE+A=O]. 
Now recall (cf. Sect. 3) that the positive roots of G are given by 
Ei - Ej, Ei + Ej, 1 <i<j<n 
and the simple roots are given by 
&i--i+ 1, 16idn-1, and En-, + E,. 
From this we see easily that the Chevalley basis {H,, a simple, X, 8, /?, a 
positive root} for Lie G may be given as follows: 
H E,--,+1=~ii-~i+l.i+1+~~i+I).,(i+1).-~i.i.) 
H E” - I + &” = -6, ~ ,,n ~ I + Et,,, - Env - E,, - I y. (n - I )‘I 
Xc, - 8, = E;i - E”‘y, 
x 6, + e, = Elf - Ej< 7 
x - (cl - 6,) = Eji - E<f 7 
x -(e,+c,)=Eri-E<j. 
6. THE BASES {Q(A,,u)> AND (P(L,p)j 
With notations as in Section 2, let P be a maximal parabolic subgroup in 
G, with associated fundamental weight o. Let V, be the irreducible G- 
module (over Q) with highest weight o. Let us fix a highest weight vector e 
in V,. Let U denote the universal enveloping algebra of Lie G and Uz the 
canonical Z-form in U, i.e., the 2 subalgebra of U spanned by p,Jn !, a 
being a root of G. Let U,+ (resp. V.y ) be the subalgebra of U, spanned by 
Xi/n ! (resp. X”Jn ! ), n E N, a, a positive root. Let 
V, = U,e. 
Given T E W, T can be represented by a Z-valued point of N( Tz) and we 
denote this by the same z. We set e, = 7. e E V,. (Note that e, is well deter- 
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mined up to a unit in Z, i.e., up to + 1.) We call {e,} the extremal weight 
vectors in V,. Set 
V,(T) = u; e, and V(T) = V,(T) Qz Q. 
Then we have (cf. [9, 13]), 
THEOREM 6.1. Let 7 E W/W,, P being a maximal parabolic subgroup of 
classical type. Then there exists a basis { Q(A, p)) of the Z-module VZ(t) 
indexed by admissible pairs (A, p) on X(r) having the following properties. 
(1) Q(A, p) is a weight vector (for the T action) of weight 
@W + P(QJ)) 
(2) Zf W(e) denotes the submodule of V,(T) spanned by all { Q(A, p)} 
such that 7 > 8 > 1, then W(e) = V,(0) 
Remark 6.2 (cf. [ 13, Remark 3.81). Once a choice of the extremal weight 
vectors Q(,u)‘s has been made, the construction of Q(A, p) is canonical; to 
be very precise, Q(A, p) is uniquely determined by the admissible pair (A, p) 
and is given by 
(*) Q(n,~L)=X-,;..x-l,Q(~), 
where A=&>A, > ... > A,=p, X(A,+, ) is a divisor in X(A,), &= 
s A+,, %+I O,<i<r- 1, i=&>A,> ... >A,=p being any double chain 
from A to p (cf. Remark 2.6). Let {P(A., cl)} be the basis in Vg dual to 
{ Q(A, .D)} (note that Vg= @(Gz/Bz, L,), L, being the ample generator 
of Pic(G,/P,)). Then we recall the following theorem (cf. [9, 131). 
THEOREM 6.3 (First basis theorem). The set {P(A, p)} is a basis of 
@(GzlPz, L,) having the following properties: 
(1) P(A, p) is a weight vector (for the T,-action) and is of weight 
-i(n(o) + P(O)). 
(2) Let k be any $eld. Set p(;l, p) = P(1, p)@ 1, p(A, p) being the 
canonical image in I?‘( G, Q k/P, @ k, Lz @I k) of P(I, p). Then the restric- 
tion of p(ll, p) to X,(7)@ k (z E W/W,) is not identically zero if and only if 
T 2 A. 
Remark 6.4. Now using the results of [9, 133 we also have that for 
TE VW,, {P(APO/~2~) is a basis for @)(X(T), L). Now the bases 
(P(A, p)} and {Q(A, p)} being dual to each other, each one is determined 
by the other. In this section, we compute the basis {Q(A, p)} in an explicit 
manner for classical groups (note that for G = SL(n), every admissible pair 
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(A, p) is trivial, i.e., A = p and Q@, p) is just the extremal weight vector of 
weight p(o)). 
The symplectic group Sp(2n). Let d be such that 1 <d < n. Then 
cod=&1 + ... +Ed (where, (si ,..., Ed,, } is the canonical basis of 
Hom(DZn, G,), DZn being the maximal torus in GL(2n), consisting of all 
the diagonal matrices). Let V be a 2n-dimensional k-vector space, together 
with a nondegenerate skew-symmetric bilinear form ( , ). Taking the matrix 
of the form to be E = (O_, i), where J= (y . . ‘A),, x n, consider the 2-form 
f~ A2 V given by 
f=e, A e,,+e, A eznwl+ .*. +e, A en+, 
(here {e,,..., ezn} is the standard basis in V). Then (taking da 2 and 
denoting wd by o), we have 
V, = {primitive vectors in Ad V} 
= (oEn”v/uAfn+l--d=O}. 
The extremal weight vectors { Q(c()}, p E Wp, say p= (a, . . * a,)(cf. Sect. 3), 
are given by 
Q(P) =e,, A ..* A cad 
In the sequel, for simplicity of notations, we shall denote the vector 
e,, A . . . A ejr E nr( v) Cfor some r) by just i, A * * . A i,. Further for any 
r-tuple i, ,..., i,, we denote by i, A i, A ... A i,? the Wedge product of 
ei,, ei2,..., e,, the suffixes being arranged in the ascending order. We now 
have 
PROPOSITION 6.C.l. Let (t, 4) be an admissible pair in Wp; let 
4 = (4 ,..., 4 7 = (4 ,...> bd). Let x1 ,..., xkr y, ,..., y, be as in Proposition 
4.C.3. Then the vector Q(7, 4) is given by 
where each 6, is obtained from a, A ’ * * A ad by either replacing x, by y, or 
y: by (- l)Yr--Xr~:, 1 <r < k (in any Wedge product we have the convention 
of the suffixes of the vectors being in the ascending order). 
Proof (by induction on codim X(d) in X(7)). If codimension of X(d) in 
X(7) is 1, then 
4 = (a1 . ..j... (j+ l)‘...ad) 
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and 
where rr=~~--~,+,, for some j, 1 <j < n - 1 (cf. Proposition 4.C.l). Now 
Q(fj)=a, A .f. Aj-.. A (j+ 1)’ A ... A a,7 
and 
et? i)= x-(c,-c,+i, Q(4) 
(cf. (*) in Remark 6.2). Also, 
X ~(C,--E,+,)=Ei+Ij-E,,.(i+l), 
(cf. Sect. 5). The operation of Lie G on V,, is that induced from the 
operation of Lie(GL(2n)) on V and the latter action is given by 
Eli(er) = 
0, r#i 
e,, r = i, 
where 1 < r, 1, i < 2n. Hence 
=U, A ... A (j+ 1) A ... A (j+ 1)’ A ... A ad7 -a, A .‘. Aj 
A *.. Af A ..* A ad7 
(note that the first term is obtained by replacingj by (j+ 1) and the second 
term, by replacing (j + 1)’ by j’ in a, A . . . A ad). This proves the result for 
the case when codim X(4) in X(T) = 1. Let now codim X(4) in X(s) > 1. Let 
us fix a double chain 
Let us denote r1 by ,I. Now corresponding to the admissible pair (,I, q5), 
there exist p1 ,..., pm, q1 ,..., qm such that conditions (l)-(5) in Proposition 
4.C.3 hold. In particular, we have pI ,..., m, q; ,..., qh E (al ,..., ~~1 and 1 is 
obtained from $ by replacing pr by q, and q: by pi, 1 < r ,< m; further (by 
induction hypothesis) 
where each 0, is obtained from Q, A . . . A ad by either replacing p, by qr or 
q: by (- l)qr-prpp:, 1~ r < m. In particular, we have, if an integer I, 
GEOMETRY OF G/P-VI 389 
1 <I< 2n E both of the d-tuples representing il and 4, then 1 appears in 
every 8, (and conversely). 
Now X(n) being a double divisor in X(r), we have (by Proposition 
4.C.l) that there exists an integer i, 1 < i < n such that i, (i + 1)’ E d-tuple 
representing J.; further the d-tuple representing r is obtained from that 
representing I by replacing i by (i + 1) and (i + 1)’ by i’. Also, we have 
et5 4) = LQ(A 41, where a = si - E, + 1. 
Now we distinguish the following cases 
Case 1. i$ (ql ,..., qm}. 
This implies that i E {a, ,..., q,>. We divide this case into the following two 
subcases. 
Case l(a). (i+ 1)E {pl ,..., p,}, say ps=i+ 1. 
We have (cf. Case l(a) of Proposition 4.C.3) 
{ Yl T...T Yk) = {412..-7 qm > 
and 
IX I ,..., xk > is obtained from { p1 ,..., p,} by replacing (i + 1) by i. 
Now, corresponding to the pair (p,, qs), each 0, either involves qs A q: or 
(- l)ys~pspS A pi (by induction hypothesis). Also each 8, involves i (since 
i E both of the two d-tuples representing 4 and 1). Hence X-(E,pE,+,J 8, 
involves either (i+ 1) A qs A q: or (-l)ys-ps+‘i A (i+ 1) A i’ (note that 
X--(~,-~,+~)=Ei+I,i-Ei.,(i+I)’ and that pS = (i + 1)) and this corresponds to 
the pair (x,, y,) (note that x, = i, y, = q, and that i + 1 appears in each term 
in C X-, 8,, since (i+ 1) belongs to both of the two d-tuples representing 4
and 2). Now the result is immediate. 
Case l(b). (i+ l)$ {pr ,..., pm}. 
This implies (i + 1)’ E {a, ,..., ad}. We have (cf. Case l(b) of Proposition 
4.C.3) 
IX 1 ,..., xk} = {PI ,..., iv-.v pm>, 
{yIT-9yk} = {q1~-~~ i+ ly.-, qrn} 
(where if xj= i, then yj = i+ 1). Now each 8, involves i A (i + 1)’ (since 
both i and (i + 1)’ E the two d-tuples representing 4 and I) and hence in 
c X-(Et-&,+I) O,, corresponding to the pair (xi, yj) each term involves either 
(i + 1) A (i + 1)’ or -i A i’ (note that yj - xi = 1). From this, the result is 
immediate. 
Case 2. iE {ql ,..., qm}, say qj=i. 
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This implies i’ E {a, ,..., ad}. We divide this case into the following two sub- 
cases. 
Case2(a). (i+l)E{p, ,..., pm}, sayp,s=i+l. 
We have (cf. Case 2(a) of Proposition 4.C.3) 
IX , ,..., XkJ = {PIY.,B.,~...,Prn) 
and 
{y, ,..., yk} is the (m - 1)-tuple obtained from {q, ,..., qmJ 
by deleting qi( = i) and keeping qs at the jth position. 
Now corresponding to the pairs (p,, s,) and (pi, qj), each 13, involves either 
i A qs A 4:. A i’ (note qi = i) 
or 
(-1)-q A (i+ 1) A (i+ 1)’ A i (notep,s=i+ 1) 
or 
or 
(-1)Y,-Pi+Yr-P.l p, A (i+ 1) A (i+ 1)’ A p; 
(note that X,0,=0 in the second and third cases). Hence X-,0, involves 
either (i+l)~q,~qlr\i’ or (-l)y~~fipj~(i+l)~i’~p~ and this 
corresponds to the pair (xi, y,), where xj=pj and yj= q9. (note that both 
(i + 1) and i’ appear in each term in C X-,0,, since they both belong to 
the two d-tuples representing # and r). The result now is immediate. 
Cuse2(b). (i+ l)$ {p, ,..., p,}. 
This implies that (i + 1)’ E {a, ,..., ad}. We have (cf. Case 2(b) of 
Proposition 4.C.3), 
IX , ,..., Xk) = {PIYY Pm1 
and 
{ y, ,..., yk} is obtained from {q, ,..., qm} by replacing i by (i-t 1). 
Now corresponding to the pair (p,, qj), (where qi = i) each 0, either 
involves i A i’ or ( - 1 )4f-p’ pi A pj. Also each 8, involves (i+ 1)’ (since 
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(i + 1)’ belongs to both of the two d-tuples representing A and 4). Hence 
L-E,+,) f 8 either involves (i+ 1) A (it 1)’ A i’ or ( - 1 )q1--pj+ ’ pi A i’ A pi 
and this corresponds to the pair (xi, yj), where xj=pj, yj= if 1 (note that 
qj -pi + 1 = yj - x,) and that i’ appears in each term in C X-,0,, since 
i’ E both of the two d-tuples representing 4 and r). From this, the result is 
immediate. This completes the proof of Proposition 6.C.l. 
PROPOSITION 6.B.l. Let (t, 4) be an admissible pair in Wp; let 
4 = (4 . ..a.), z= (b, . ..bd). Let {x1 ,..., x,}, {y, ,..., yk}, {zl ,..., z,,,} be as in 
Proposition 4.B.4. Then the vector Q(z, 4) is given by 
where each 6, is obtained from a, A . . * A ad as per the following rule: 
Corresponding to the pair (x,, y,), 1 < r < k, either x, is replaced by y, or y: 
is replaced by ( - l)y,- Xr xi and corresponding to zI, 1 d j < m, if m is even, 
then each zj with j even is replaced by ( - 1 )“+ ’ -‘I-‘z;- 1 and ifm is odd, then 
each zj with j odd is replaced by (- 1)“+‘-+1~;- ,(j> 1) and z, is replaced 
by n + 1 (in any Wedge product we have the convention of the suffixes of the 
vectors being in the ascending order). 
Proof (by induction on codim X(d) in A’(t)). If codimension of X(d) in 
X(r) is 1, then 
q5=smz where c1= zzi - q+ , for some i, 1 d i < n or E,. 
If C1=Ei-&i+l, the proof is as in Proposition 6.C.l. If c1= E,, then 
n E {a, ,..., ad} and t is obtained from 4 by replacing n by n’. We have 
Q(d) = U, A ... A n A . .. A Ud t, 
x -6, =-%+I,,-&,n+,, 
and 
Q(r,4)=Xp.Q(d)=a1 A ... r\(n+l)r\ ... ALIT. 
This completes the proof of the result for the case when codim X(Q) in 
X(z) = 1. Let now codim A’(d) in X(r) > 1. Let us fix a double chain 
Let us denote z1 by 1. Now corresponding to the admissible pair (A, 4), 
there exist (pl,...,p,}, {q, ,... , q,}, {r I ,..., rt} such that conditions (l)-(5) of 
Proposition 4.B.4 hold. In particular, we have p1 ,..., p,, q; ,..., q:, 
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r ,,..., r,E (a ,,..., ad } and II is obtained from q5 by replacing p, by qi, qj by pi, 
1 <j-G t and ri by ri, 1 <j< I; further, by induction hypothesis, we have 
where each (zI,~ is obtained from a, A . . . A ad by replacing either p, by q, or 
q; by (-l),-“, pJ., 1 <j< t and replacing r, by (- l)n+’ -rV- ‘ricp ,, e 
running over even or odd indices according as 1 is even or odd (if 1 is odd 
r, is replaced by n + 1). Now X(L) being a double divisor in X(r), we have 
(cf. Proposition 4.B. 1) 
T=&/? where CI= E, or .5-s,+, forsome i, 1 <i<n 
and 
As in Proposition 4.B.4, we consider the following cases. 
(A) T=s,& where a=ci-cEi+,, for some i, l<i<n. 
Case 1. i# {q ,,..., 4,). 
This implies i E (al ,..., ad}. We divide this case into the following three 
subcases. 
Case l(a). (i+ 1)E {p ,,..., P, > 
Using (A), Case l(a) of Proposition 4.B.4, the proof in this case is same 
as that of Case 1 (a) of Proposition 6.C. 1. 
Case l(b). (i+ 1)~ {r ,,..., r,}, say r,=i+ 1. 
We have (cf. (A), Case l(b) of Proposition 4.B.4), 
{X I,“‘, x/J = {h..,Pt}, 
bJW~ Ykl = h-3 4th 
and 
(2 r ,..., z,} is obtained from {r ,,..., r,} by replacing (i+ 1) by i. 
Now i appears in every 8, (since iE both the two d-tuples representing 4 
and ,I) and both (i + 1 ), (i + 1)’ either do not appear in any 6, (namely, if a 
and I are of the same parity-here ‘a’ is given by ra = i + 1) or both appear 
in every 8, (namely, if a and I are of opposite parities), the corresponding 
sign factor being ( - 1 )“- ‘. Hence for every s, X-,8, involves neither i nor 
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i’ (note that z, = i and that a and m (= I) are of the same parity in this 
case) or X-,8, involves both i and i’ (note that in this case z, = i and a and 
m are of opposite parities), the corresponding sign factor being ( - 1)” + ’ - i. 
Also note that i + 1 appears in every X-,6, (since i + 1 E both of the two d- 
tuples representing q5 and ,I). From this, the result is immediate in this case. 
Case l(c). (i+ l)# {p, ,..., p,, rl ,..., r,}. 
Using (A), Case l(c) of Proposition 4.B.4, the proof in this case is same 
as that of Case l(b) of Proposition 6.C.l. 
Case 2. iE {q ,,..., q,}, say qj=i. 
This implies i’ E (a, ,..., ad}. We divide this into the following three sub- 
cases. 
Case 2(a). (i+l)E{p, ,..., p,}, sayp,=i+l. 
Using (A), Case 2(a) of Proposition 4.B.4, the proof in this case is some as 
that of Case 2(a) of Proposition 6.C.l. 
Case2(b). (i+l)~{~ ,,..., I,}, say r,=i+l. 
We have (cf. (A), Case 2(b) of Proposition 4.B.4), 
Ix I,..., x/J = (PI 9..., pj,..., P,), 
{Y, ,..., Y/J = (41 T..., (jj’...’ S,}? 
and 
(zl ,..., z,} is obtained from {r , ,..., r,} by replacing ra ( = i + 1) by pi. 
Now corresponding to rrr = i + 1 and the pair (pi, qi), every 8,Y involves 
either 
or 
(-l)“-ii A (i+ 1) A (i+ 1)’ A i’ 
or 
or 
i h i’, 
where in the first two cases 1 and a are of opposite parities and in the last 
two cases, 1 and a are of the same parity; further i does not appear in the 
481/108/2-8 
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first and third cases and (i+ 1) does not appear in the third and fourth 
cases. Hence, for every S, X ~~.O, = 0 in the second and third cases and thus 
for every s, X-,Q, either involves (- I)“+’ p/p, A pi (note that p, =z, and 
m and a are opposite parities in this case) or does not involve pi or pj (in 
this case m and a are of the same parity; also note that in both cases, every 
X_,8,s involves both (i+ 1)) and i’, since they both E the two d-tuples 
representing q5 and 5). The result now is immediate. 
Case 2(c). (i+ l)$ {p ,,..., p,, Y ,,..., r,}. 
Using (A), Case 2(c) of Proposition 4.B.4, the proof in this case is same 
as that of Case 2(b) of Proposition 6.C.l. 
B. z = s,& with c1= E,, 
Case 1. n$ {q ,,..., q,j. 
This implies n E {a, ,..., uJI>. We have (cf. (B), Case 1 of Proposition 4.B.4), 
{xl>-> Xk) = {PW>P,L 
iv, 9”‘) Ykl = l41 7...% 4rJ3 
and 
{z I,...’ Zm> = {a, YI,..., r,}. 
We have, n appears in tI,Y for every s (since n E both of the two d-tuples 
representing 1 and 4) and n + 1 appears in 6,Y for every s (namely, if 1 is 
odd) and does not appear in any 8,Y (namely, if 1 is even). Accordingly we 
obtain, 
- (n A n’) appears in .K ~ 8,, (namely, if 1 is odd and hence 
m=l+ 1 is even) 
and n + 1 appears in X_x~,5, for every s, and n does not appear in 8,, for 
any s (namely, if 1 is even and hence m = I + 1 is odd). From this the result 
is immediate. 
Case 2. n E {q, ,..., q,}, say qL, = n. 
This implies n’ E {a, ,..., ad}. We have (cf. (B), Case 2 of Proposition 4.B.4), 
{x, ,..., Xk} = {PI ,..‘, d,,..., P,}, 
{Y, ,..., Y,) = (4, ,..*v 4,>..., q,), 
(ZI,..., z,H) = {PC, Ylr-.3 r,) 
Now corresponding to the pair (p,, q(,), every (9, involves either 
( - 1 )4c’--Pr p, A n + 1 A pi, 
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or 
or 
(- lp-pcpe A p; 
n/\n+l/\n’ 
or 
where in the first and third cases, I is odd and in the second and fourth 
cases, 1 is even; further n does not appear in any 8, in the first two cases 
(since q, = n) and in the second and fourth cases, n + 1 does not appear in 
any 19, (since 1 is even). Hence X_, 8, = 0, for every s in the second and 
third cases and thus we obtain that for every s, X-,8, involves either 
t-11 n+‘-p’pp A n’ A pi (in this case m = I + 1 is even and z, =p,) 
or 
n+l An’ (in this case m is odd). 
From this the result is immediate, This completes the proof of Proposition 
6.B.l. 
PROPOSITION 6.D.l. Let (z, 4) be an admissible pair in Wp; let 
d = (aI . ..a.), z=(b,*..b,). Let (x ,,..., x,}, {y, ,..., yk}, {z, ,..., zZm) be as 
in Proposition 4.D.4. Then the vector Q(z, 4) is given by 
where each 6, is obtained from a, A ‘*. A ad as per the following rule. 
Corresponding to the pair (x, y,), 1 < r < k, either x, is replaced by y, or yi is 
replaced by ( - l)J’rp+ xl. Corresponding to the pair (zz, _, , zz,), 1 < t < m, 
either z2, is replaced by (-l)n+‘-z2r-1~;,~, or z2,-, is replaced by 
(-lY-=*’ z;, (recall, z2, _ 1 > z,,)( in any Wedge product, we have the conven- 
tion of the suffixes of the vectors being in the ascending order). 
Proof (by induction on codim X(4) in X(z)). If codimension of X(d) in 
X(z) is 1, then, q5=s,t where a=Ei-ei+, for some i, 1 <i<n, or s,-i+s,, 
(cf. Proposition 4.D. 1). If a = &i - vi+ 1, the proof is as in Proposition 6.C.l. 
If a=&,_,+&,, then n- 1, nE {a ,,..., ad) and z is obtained from 4 by 
replacing n - 1 by n’ and n by (n - 1)‘. We have 
Q(4) = al A ... A n- 1 A n A ... A a,?, 
X -(h-If&#) =-%,,-I -E(,-l)‘,m 
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and 
Q(7,4)=u, A ... in’ in A ‘.. A a<,-~, A ... A (n- 1) 
A (n - 1)’ A “’ A Ll<, 
= --a, A ‘*. A I’2 A tl’ A “. A ~7~7 -a, A “’ A (n- 1) 
A (I’Z- 1)’ A ... A U,,t 
(note that by our usual convention of having the indices in increasing order 
in any Wedge product, we obtain a negative sign in the first term). From 
this, the result follows for the case when the codimension of X(4) in X(r) is 
1. Let now codim X(4) in X(r) > 1. Let us fix a double chain 
7=7,>7,> ... >7,=#. 
Let us denote t, by A. Now corresponding to the admissible pair (n, b), 
there exist {P, ,-., P,}, (4, ,..., q,), {r ,,..., Ye,} such that conditions (l)-(5) 
of Proposition 4.D.4 hold. In particular, we have p, ,..., p,, 
I I 41 ,...T q,, r1 ,...I r.21 E {a, >..., ad} and I is obtained from ‘4 by replacing pj by 
qi, qi by pi, 1 <j 6 t and rj by ri, 1 <j < 21; further by induction hypothesis, 
we have 
where each 19, is obtained from a, A ... A ad by replacing either pi by qj or 
qiby(-l)Yr-Prpj, 1~j~mandreplacingeitherr2,by(-1)”f1~’2~-~r~~,~, 
or r2c,-1 by (-1)“-‘2e,rr;,, 1 <e<Z. 
Now X(n) being a double divisor in X(r), we have (cf. Proposition 
4.D.l) 
7=&A, where c(=E,-,+E, or E,--.si+, forsome i, 1 <i<n 
and 
To prove the result, we consider the same cases as in Proposition 4.D.4; 
further we note that the proof in the cases, Case l(a), Case l(c), and Case 
2(a), Case 2(c) in (A) is the same as in the cases, Case l(a), Case l(b), 
Case 2(a), Case 2(b), respectively, of Proposition 6.C.l. Now we discuss 
the remaining cases. 
(A) z=s,l, where a=~~-&~+,, for some i, 1 <i<n 
Case l(b). i# {q , ,..., q,), (i+ 1)E {r, ,..., r2m}, say ru= (i+ 1). 
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We have (cf. (A), Case 1 (b) of Proposition 4.D.4), 
Ix I >..., +G} = {PI ,...I P,}, 
( Y 1 ,..*, Ykl = (41 2...9 Q, 3, 
and 
(z, ,..., zzm} is obtained from {r ,,..., rll) by replacing i+ 1 by i. 
This implies ie both of the two d-tuples representing 4 and J,; and hence i 
appears in 8, for every s. Now, for every S, 0, involves either 
(-l)n-(i*‘)i A (i+ 1) h (i+ 1)’ 
a is given by rU = (i + 1)) 
(namely, if a is even, where 
f-1) n+‘-(i+‘)i A (i+ 1) A (i+ 1)’ (namely, if a is odd ) 
or 
l-1) n+‘--ra-li A rod, A r:-, (namely, if a is even) 
or 
(-l)nprum’iA rupl A rLel (namely, if a is odd) 
(note that in the last two cases i+ 1 does not appear in 0,). Hence X~,8,Y, 
for every S, involves either 
(-l)+jiA (i+ 1) A i’ (in this case, we have a is even and z, = i) 
or 
(--I) n+‘pii A (i+ 1) A i’ (note that z, = i and a is odd) 
or 
(-l)“+‘-‘a-‘(i+ I) A zap1 h zLpl 
and a - 1 is odd) 
(note that z, _, = rrr _, 
or 
(-I)“-“-‘(i+ 1) A Z,el AZ:-, (note that z,- 1 = ru- I and 
a- 1 is even) 
(note that i+ 1 appears in X-,0,, for every S, since i+ 1 E both of the two 
d-tuples representing 4 and 7). Now the result is immediate from this. 
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Case 2(b). iE (ql ,..., q,}, say q,=iand (i+ 1)~ {r ,,..., r2,}, say r,=i+ 1. 
We have (cf. (A), Case 2(b) of Proposition 4.D.4), 
(x1 ,“., .G} = {P, ,...> d.I’..‘, P,}, 
{YWA} = kb..~ Lj,?...’ St>, 
and 
{Z I >...F Z2m } is obtained from (r, ,..., r2,} by replacing 
r,(=i+l)bypi(notethatz,>...>z,,andz,=pj). 
Now qi and rue {a,,..., ad) and hence in some 8,, either all of 
{i,(i+ l), i’, (i+ 1)‘) appear or none of these appear and obviously for 
such 0,‘s we have X_,0,V = 0. For the remaining 0,, we have 8, involves 
either 
(-l)~-P~(-l)n-(i+‘)Pi~(i+l)~(i+l)’~~~ (in the case 
when a is even) 
or 
(-l)Y~-P~(-l)n~ipi~(i+l)r\(i+l)‘~p~ (in the case when a is odd) 
or 
(-1) n+‘-ra-iqj A TopI A r:-, A 4; (in the case when a is 
even; note that qi = i) 
or 
(-l)“-‘“-‘qiA To-, A ripI A 4; (in the case when a is odd) 
Hence X-,8, involves either 
(-l)n-‘u~, A (i+ 1) A i’ A 2: (note that z, =pi and that a is even) 
or 
(-1) n+‘--zuZa A (i+ 1) A i’ A Z; (note that z, =pj and a is odd) 
or 
t-11 n+r-ra-l(i+ 1) AZ,-,Az;p,Ai’ (note that z,- , = ro- 1 
and a - 1 is odd) 
or 
(- l)n-ro-‘(i+ 1) A Z,p, A Z;- 1 A i’ (note that z,_ 1 = roe, 
and a- 1 is even) 
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(note that both (i + 1) and i’ appear in every X-,8, since they both E both 
of the two d-tuples representing q5 and r). From this the result is immediate 
in this case. 
(B) ~=s~jl, where a=e,-l +E,. This implies n- 1, no the d-tuple 
representing il (note that n- 1, n# (Ye ,..., r2,} u (p, ,..., p,}). We now 
distinguish the following four cases. 
Case 1. nE {q,,..., q,}, (n- l)$ {ql,..., St}. 
This implies n - 1, n’ E (aI ,..., ad}. Let qj = n. We have (cf. (B), Case 1 of 
Proposition 4.D.4) 
ix 1 ,...I x/c} = {PI T.--v tjv..., Pt>, 
{ Y13***3 Yk) = {ql,.*., djj,...v qr), 
{Z I ,-9 Zh} = {n - l9 Pj, rl,-., r2,} 
(note that pi > r, ). Now n - 1 appears in every OS, since n - 1 E both of the 
two d-tuples representing $ and 1. For any S, 0, involves either 
or 
(n-l)r\n/Yn’ (note that qj = n) 
(-l)ql-fipjA (n-l)r\pj 
Hence X-,0, involves either 
--n A (n- 1)’ A d 
or 
(-l)“-“‘pjA d Ap;, 
where (recall) X--a=E,,,c,-,I - I&_,,,,,. (Note that we need to switch 
(n - 1)’ and II’ in the first term in order to keep up with our convention 
that in any Wedge product, the indices are in increasing order.) Thus each 
X- cL 0, involves either 
nAdA(?l-1)’ 
or 
(-l)“-&p, A d Ap; 
(corresponding to the pair (zl, z2) = (n - 1, pi)). Also, note that n’ appears 
in every X-,B,, since n’ E both of the two d-tuples representing 4 and z. 
The result now is immediate. 
Case 2. (n- 1)E (4, ,... , qr},n4 {q1,..., s,}. 
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This implies n, (n - 1)’ E {a, ,..., ad}. Let qj = n - 1. We have (cf. (B), Case 2 
of Proposition 4.D.4) 
ix , ,..., xkl= {P I >...T Cj,...T PI )3 
{YI>...,Yk} = {ql,..., 4j,...3 qt}> 
(z,,..., z hj = In, Pj, rl ,..., rzI) 
(note that p,> r,). Now n ~every O,, since no both of the two d-tuples 
representing q5 and 1. Also every 6, involves either 
(n-l)r\nr\(n-1)’ (note that q, = n - 1) 
or 
(-l)*-fipjAn.p;. 
Hence every X-,0, involves either 
tlA?i’A(ft-1)’ 
or 
(-l)“-“~pjA (?I-l)‘Ap; 
(note that we need to switch n’ and n in the first term in order to keep up 
with our convention regarding the order of the terms in a Wedge product). 
Thus we obtain that each X,8, involves either 
-tl A d A (n- 1)’ 
or 
(-l)“-plpjA (n-l)‘A\; 
(corresponding to the pair (zl, z2) = (n, pj)). Also note that (n - 1)’ appears 
in each X_,B,, since (n - 1)‘~ both of the two d-tuples representing 4 
and T. 
The result is now immediate. 
Case 3. n- 1,nE {ql ,..., qr}. 
This implies n’, (n- 1)‘~ (a ,,..., ad}. Let qj=n- 1, qc=n (note that 
j> c). We have (cf. (B), Case 3 of Proposition 4.D.4), 
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(note that p, > rI). Now corresponding to the two pairs (p,., qc), (pi, q,), 
we have, every 0, involves either 
(Fz-l)r\nr\n’/\(n-I)’ 
or 
or 
(-1)%-P/( - l)Yr--Pcpc A pi A p; A p:, 
or 
(-l)q-fipiA n A n’ A~J (noteqj=n- 1) 
(-l)q’-p’pcA (n-l)/\ (?I-l)‘Ap;. (note qc = n). 
In the first two cases X,8,=0. Hence X-,8, involves either 
(-1)-p, A (n- l)‘A~‘Ap~=(-~)“+‘-“pjA~‘A(~-l)‘Ap~ 
or 
(corresponding to the pair (.zl, z2) = (pi, p,.)). The result is immediate from 
this. 
Case 4. n- 1, ny! {q, ,..., q/j. 
This implies n- 1, no {a,,..., u,}. We have (cf. (B), Case 4 of Proposition 
4.D.4), 
{X I,...> x/J = {PIdhj, 
bQY%Yk~ = h-r cr,>, 
{Z ,,..., zh) = {n, n - 1, rl ,..., rd. 
Now both II - 1 and n appear in every 0,, since they both E the two d-tuples 
representing 4 and R. Hence every X-,0, is a sum of two terms of which 
one involves n’ A n ( = --n A n’) and the other involves - (n - 1) A (n - 1)‘. 
Thus in C 6, (= C X-, e,), every term involves either 
-nr\n’ 
or 
-(n- 1) A (n- 1)’ 
(corresponding to the pair (z I,z2)=(n,n-l)). The result now is 
immediate from this. This completes the proof of Proposition 6.D.l. 
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